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Abstract
We study the interaction of maximally-charged dilatonic black holes at
low velocity. We compute the metric on moduli space for three extreme black
holes under a simple constraint. The Hamiltonian of the multi-black hole
system of O(v2) is also calculated for the a = 1 and a = 1/
√
3 cases, where
a is the dilaton coupling constant. The behavior of the system is discussed
qualitatively.
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It has been considered for recent years that solitonic objects play an important role in
theoretical physics. Static multi-soliton solutions have been found in many cases and their
physical implication has been studied by many authors. There is no net static force among
the solitonic objects described by such a multi-soliton solution.
The slow motion of such solitons can be described as a sequence of static solutions for
every moment. The evolution of the solution is then approximated in terms of geodesics on
the space of parameters (moduli space) for static solutions.1 Therefore the calculation of
the metric on moduli space, which defines geodesic motion on the moduli space, is the most
effective way to investigate interaction of slowly moving solitons in classical field theory [1].
The present author studied the interaction Hamiltonian of maximally charged dilatonic
black holes and obtained the moduli space metric for two extreme black holes explicitly [2,3].
In the present paper, we will first examine a three-body problem of the extreme black
holes at low velocity in a simple configuration. The metric on moduli space for three extreme
black holes will be calculated in this case. Next we will consider arbitrarily many body
problems for a = 1 and a = 1/
√
3, where a is the dilaton coupling constant. We will
compute the Hamiltonian of the multi-black hole system up to O(v2) for the two cases.
We suppose the action for the Einstein-Maxwell-dilaton theory is given by
S =
∫
d4x
√−g
16pi
[
R− 2(∇φ)2 − e−2aφF 2
]
+ (surface terms) , (1)
where we set the Newton’s constant G = 1. Fµν is the field strength of the electromagnetic
field. The dilaton coupling constant a can be assumed to be a positive value.
The static multi-centered solution for the metric, vector potential one- form, and dilaton
field takes the form [4,5]
ds2 = − dt
2
V 2/(1+a2)
+ V 2/(1+a
2)dx2, A = − 1√
1 + a2 V
dt, e−2φ = V 2a
2/(1+a2) , (2)
where
1In this analysis, radiation reaction is neglected.
2
V = 1 +
∑
α
(1 + a2)mα
|x− xα| . (3)
The metric corresponds to the situation that the α-th nonrotating, extreme black hole with
mass mα is located at x = xα.
2 The electric repulsion is balanced by the gravitational force
and the attractive dilatonic force. Therefore this solution can be regarded as an extension
of the Majumdar-Papapetrou solution [6].
We apply the method of Ferrell and Eardley [7] to calculate the velocity-dependent
interaction energy of the slow motion of the extreme black holes by making use of the static
solution (2).
We take the perturbed metric and potential of the form
ds2 = − dt
2
V 2/(1+a2)
+ 2N · dxdt+ V 2/(1+a2)dx2, A = − 1√
1 + a2 V
dt+A · dx . (4)
We solve linearized equations forN andA coupled to the slowly moving extreme black holes
as sources of gravitation and electromagnetism. The solution is substituted to the action to
get the interaction energy of extreme black holes. The equations in detail for its derivation
can be referred to the previous work [2,3].
Consequently, the effective Hamiltonian of the order of v2 for the maximally-charged-
dilatonic-black-hole system is obtained as [2,3]
H =
∑
α
1
2
mαv
2
α +
3− a2
8pi
∫
d3x V (x)2(1−a
2)/(1+a2)
∑
αβ
mαmβ(nα · nβ)|vα − vβ|2
2|rα|2|rβ|2 , (5)
where rα ≡ x− xα and nα ≡ rα/|rα|.
In the previous papers [2,3] we investigated two-body system and computed the metric on
the moduli space from the expression (5). In the present paper, we first study a constrained
three-body system and its moduli space.
2Strictly speaking, for a /=0, there are naked singularities in the solution. Nevertheless, we use
the term “black hole” because the extreme case may still have generic properties of black holes in
terms of such classical dynamics.
3
The simplest configuration we consider is depicted as in FIG. 1. Three points O, A, and
B lie on the same straight line. Moreover, the distance OA is set to be equal to that of OB,
which is denoted as ρ. We locate the center of extreme black holes of the same mass m at
the point A and B, and one of the mass M at the point O. Further we assume that the
velocity of the black hole at A is v and that of the black hole at B is −v. Putting these
assumptions, we observe that the center of mass O is fixed and the linear configuration is
not broken due to the symmetry. In addition, the motion of the black holes is assumed to be
constrained in a (scattering) plane. Thus the moduli space of this configuration is reduced
to be a two dimensional space, parameterized by the distance ρ and the azimuthal angle ϕ.
For this configuration, the Hamiltonian will be written in the form
H = mγ(ρ) v2 . (6)
Then the metric on moduli space can be read from (6) as
ds2MS = γ(ρ)
(
dρ2 + ρ2dϕ2
)
. (7)
Explicit calculation of H (eq. (5)) yields the moduli space metric. We calculate the
metric for a few cases for special values of the dilaton coupling a.
For the case of the system of extreme Reissner-Nordstro¨m black holes with a = 0, γ is
obtained from the explicit calculation of H (eq. (5)) for this symmetric configuration:
γ(ρ) = 1 + 3
m+M
ρ
+ 3
(m+M)2
ρ2
+
m3
2
+m2M +M3
ρ3
(a = 0) . (8)
For the case with a = 1/
√
3, which corresponds to the reduction of five-dimensional
Einstein-Maxwell or supergravity theory to four dimensions, we find
γ(ρ) =
(
1 +
4 (m+M)
3 ρ
)2
(a = 1/
√
3) . (9)
For the stringy case a = 1, it turns out that
γ(ρ) = 1 + 2
m+M
ρ
(a = 1) . (10)
4
For a =
√
3, which corresponds to the reduction of five-dimensional Einstein gravity
to four dimensions, the leading order metric on moduli space is flat, i. e. γ = 1. This
implies that to leading order the dynamical force vanishes identically when a =
√
3 and the
scattering is trivial in this case.
In comparison with the previous work [3], the global nature of moduli space is found to
be the same as that for the two-body system in each case, since the coefficient of each order
of ρ is positive. The schematic view of the moduli space is shown in FIG. 2.
For general configuration for three-body system is difficult to treat analytically, for gen-
eral dilaton coupling. There are however two cases, for a = 1 and for a = 1/
√
3, in which
the integration in (5) can be carried out.
Since there is only two-body (velocity-dependent) force in the multi-black hole system
for a = 1, the general expression for the O(v2) Hamiltonian of the system of an arbitrary
configuration of black holes can be easily written down:
H =
∑
α
1
2
mαv
2
α +
∑
αβ
mαmβ |vα − vβ|2
2ραβ
=
1
2
MV 2 +
∑
αβ
mαmβ |vα − vβ|2
4M
(
1 +
2M
ραβ
)
, (11)
where ραβ ≡ |xα − xβ|, M = ∑αmα, and V is the velocity of the center of mass; V ≡∑
α
mαvα
M
.
Similarly, for the a = 1/
√
3 case, in which there are two- and three-body forces among
the extreme black holes, the energy of the system can be expressed as
H =
∑
α
1
2
mαv
2
α +
2
3
∑
αβ
mαmβ|vα − vβ|2
ραβ
+
4
9
∑
αβγ
mαmβmγ |vα − vβ|2
(
1
ραβραγ
+
1
ραβρβγ
− 1
ραγρβγ
)
=
1
2
MV 2
+
∑
αβγ
mαmβmγ|vα − vβ|2
4M2
[
1 +
8
3
M
ραβ
+
16M2
9
(
1
ραβραγ
+
1
ραβρβγ
− 1
ραγρβγ
)]
. (12)
In the two cases above, no regularization on the integration is needed.
5
It is difficult, however, to analyze a general many-body problem of extreme black holes
even if one uses the Hamiltonian (eq. (11,12)). Thus we qualitatively examine the slow
motion of the black holes here.
Let us consider that two black holes labelled by A and B come close to each other.
For a = 1, the divergent term in the Hamiltonian (11) in the limit ρAB → 0 behaves as
≈ 1/ρAB. Accordingly, each pair of black holes will interact like the Rutherford scattering [3].
Hence the coalescence of black holes is unlikely to occur in general conditions in the stringy
case a = 1.
For a = 1/
√
3, the divergent term in the Hamiltonian (12) behaves as ≈ 1/ρ2AB in the
limit ρAB → 0. In this case, the coalescence of black holes occurs if black holes come
sufficiently close. Actually, this case is considered to be critical: For a > 1/
√
3 extreme
black holes never coalesce [3].
In this paper we have studied the many-body system of extreme black holes in Einstein-
Maxwell-dilaton theory, in the low-velocity limit. As an example, a simple three-body case
has been studied and the metric on its moduli space has been obtained. We have found that
the moduli space is very similar to that for two-body system. For the cases with a = 1 and
a = 1/
√
3, the Hamiltonian for many-body system of extreme black holes has been explicitly
obtained. The qualitative nature of the systems has been discussed, but the detailed analysis
has been left for the future work, in which one may demand numerical simulations to reveal
the property of the system, such as appearance of chaotic behavior [8].
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FIG. 1. The configuration of the three black holes.
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FIG. 2. Schematic view of the surface of the moduli space.
(a) for a = 0, (b) for a = 1/
√
3, and (c) for a = 1.
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